The probabilistic solutions of nonlinear stochastic oscillators with even nonlinearity driven by Poisson white noise are investigated in this paper. The stationary probability density function (PDF) of the oscillator responses governed by the reduced Fokker-Planck-Kolmogorov equation is obtained with exponentialpolynomial closure (EPC) method. Different types of nonlinear oscillators are considered. Monte Carlo simulation is conducted to examine the effectiveness and accuracy of the EPC method in this case. It is found that the PDF solutions obtained with EPC agree well with those obtained with Monte Carlo simulation, especially in the tail regions of the PDFs of oscillator responses. Numerical analysis shows that the mean of displacement is nonzero and the PDF of displacement is nonsymmetric about its mean when there is even nonlinearity in displacement in the oscillator. Numerical analysis further shows that the mean of velocity always equals zero and the PDF of velocity is symmetrically distributed about its mean. 
Introduction
There are many problems in various areas of science and engineering which can be described by stochastic dynamical oscillators with polynomial form of nonlinearity [1] [2] [3] . Although many publications concern analysis of stochastic oscillators with odd nonlinearity, few publications can be found analyzing the stochastic oscillator with even nonlinearity. However, there are some important oscillators with even nonlinearity in the real world [4] [5] [6] [7] [8] [9] [10] . Therefore the response behaviors of stochastic oscillators with both even and odd nonlinearity are investigated in this paper, under the excitation of Poisson white noises. Using Poisson white noise, which is a discontinuous process, some loads can be reasonably described e.g. traffic loads on bridges, pressure due to wind gust, inertia force due to earthquake, sea wave load and other environmental actions on structural systems. Poisson white noise represents a train of random impulses arriving at random time intervals. If there are pulses with discrete arrival times, they must be characterized by higher moments than only the second moment. Under the excitation of Poisson white noise, the system experiences free vibration between successive pulses and forced vibration at each pulse, so the evaluation of the stochastic response is complex. The response can be characterized completely by the probability density function (PDF) of the oscillator response. It is known that the joint PDF of oscillator response to Poisson distributed impulses as a Markovian process is governed by the generalized Fokker-Planck-Komogorov (FPK) equation [11] . It is difficult to obtain the exact solution of the FPK equation however the PDF of oscillator response is fundamental for reliability and other statistical analysis. In order to tackle the difficulties, various approximate or numerical methods have been proposed for the solution of the FPK equation. Equivalent linearization (EQL) method is the most frequently employed method for estimating the first and second moments of the responses of nonlinear oscillators [12] [13] [14] [15] . However, the first and second moments of the responses can only be well estimated with EQL method if the system nonlinearity is weak. Perturbation method has also been employed to analyze the stationary probabilistic solution of the responses of a weakly disturbed oscillator if the probabilistic solution of the undisturbed oscillator is known [16] . Statistical moment closure method has been used to obtain the response moments, and the resulting infinite hierarchies of moments were truncated with the help of a cumulant-neglect closure of different orders [17, 18] . Other numerical methods, such as Petrov-Galerkin method [19] , path integration (cell to cell mapping) [20] , finite difference method [21] , and finite element method [22, 23] have also been employed for solving the reduced FPK equations corresponding to nonlinear stochastic oscillators or two-dimensional FPK equations. Exponential polynomial closure (EPC) method has been proposed and employed to analyze the solutions of the reduced FPK equations about various nonlinear stochastic oscillators [24] and 2-degree-of-freedom nonlinear stochastic dynamical systems or some reduced Fokker-Planck equations in 2 or 4 dimensions [25] . The EPC method has further been investigated and applied for analyzing the nonlinear stochastic oscillators with odd nonlinearity and Poisson excitations [26, 27] . Monte Carlo simulation (MCS) is a versatile technique for the numerical solution of stochastic differential equations. However the numerical convergence, stability, round-off error, and requirement for large computational effort provides challenges both in simulating the small PDF in the tails of PDF and in analyzing multi-degree-of-freedom nonlinear stochastic dynamical systems. Recently, a new method named state-space-split-EPC (3S-EPC) was proposed for the solutions of high-dimensional FPK equations or the PDF solutions of large-scale nonlinear stochastic dynamical systems [28, 29] . With the 3S-EPC method, the high-dimensional FPK equation is reduced to low-dimensional ones or large-scale nonlinear stochastic dynamical systems are decoupled into small systems with one or two degrees of freedom, which can be analyzed with the EPC method. Therefore, the investigation on the effectiveness of EPC method in analyzing the PDF solutions of various nonlinear stochastic oscillators is fundamental for analyzing the large-scale nonlinear stochastic systems with 3S-EPC method.
In this paper, the probabilistic solutions of stochastic oscillators with even nonlinearity and Poisson excitation are analyzed with EPC method. The solution procedure is given. Numerical results are presented to show the effectiveness of the EPC method in various cases. Numerical results show that the results gained from EPC with a polynomial order of six agree well with the results obtained from MCS for the analyzed oscillators, especially in the tail regions of the PDF solutions.
Problem formulation
Consider the following nonlinear stochastic oscillator:
where X andẊ are stochastic processes, function 0 (X Ẋ ) is a deterministic polynomial of X andẊ (which is assumed to include both the odd and even order terms of X andẊ ) and W ( ) is Poisson white noise formulated as
where N(T ) is a counting process summing up the total number of pulses that arrive in the time interval (0 T ], Y is an impulse amplitude of the jth pulse arriving at time τ , and δ is the Dirac delta function. In this paper, N(T) is assumed to yield the Poisson distribution with a constant, average impulse arrival rate λ. The impulse amplitudes Y are random variables independently distributed with zero mean, and also independent of the pulse arrival time τ . Due to the constant impulse arrival rate λ, the Poisson white noise is stationary.
When subject to delta-correlated white noise excitation, the stochastic responses X 1 (X 1 = X ) and X 2 (X 2 =Ẋ 1 ) are Markovian processes and their joint PDF is governed by the generalized FPK equation. In this paper, only the stationary PDF solution is considered, and therefore the generalized FPK equation becomes independent of time.
Here only the terms up to fourth order derivatives are retained for analysis, with the assumption that the contribution of higher order terms can be neglected for Poisson excitation with a ratio of relaxation time and impulse mean arrival time greater than 10 [17] . The reduced generalized FPK equation is
where
It is assumed that the stationary PDF solution to Eq. (3) is subjected to the following constraints
Because the exact solution to Eq. (3) is usually not obtainable, the approximate solution of Eq. (3) can be assumed to be of the following form [24] (
where C is a normalization constant and a denotes the unknown parameters in the n-degree polynomial expressed as
Generally, the FPK equation cannot be satisfied exactly with˜ ( 1 2 ; a) as it is an approximation and the number of unknown parameters is limited in practice. Substituting Eq. (5) into Eq. (3) leads to the following residual error 
∂Q ∂
in which denotes the mean of X and σ denotes the standard deviation of X . For the oscillators with odd nonlinearity, the means of oscillator responses equal zero unless there are even order terms in the oscillator. Hence the weighting functions expressed by Eq. (8) are different in the case there are only odd nonlinearity from those in the oscillators investigated before [24, 26, 27] . Then N quadratic nonlinear algebraic equations in terms of N unknowns can be obtained from Eq. (7) which can be solved with any available numerical method. Therefore, the approximate PDF in Eq. (3) is obtained.
Examples and numerical analysis

Example 1
The equation governing the nonlinear radial pulsation in the fundamental mode of self-gravitating gaseous masses with polytropic equation can be written as [5] 
where ε 1 and ε 2 are the parameters representing the level of nonlinearity, W ( ) is the Poisson white noise expressed by Eq. (2) with impulse amplitudes being independent Gaussian variables with zero mean. The mean arrival time duration of the Poisson impulses T 1 equals 1/λ and the relaxation time T 2 of the linear part of the oscillator equals 2/α. Thus, the ratio γ = T 2 /T 1 = 2λ/α is adopted as a measure for the level of impulse arrival rate. . It is seen that the PDF of displacement obtained with EQL deviates a lot from simulation while the PDF of displacement obtained with EPC and = 6 agrees well with the simulation, especially in the tail regions of the PDF as shown in Fig. 1(b) . It is observed that there are some fluctuations in the tail regions of the PDF of displacement obtained with MCS. This is a result of the sample size not being great enough in the simulation; more samples are needed to smoothen the tails of the PDF of displacement. It is also seen that the mean of displacement is nonzero and the distribution of displacement is nonsymmetric about its mean because of the presence of even nonlinearity in the oscillator. Despite the Poisson excitation with the given impulse arrival rate, the PDF of velocity is still nearly Gaussian.
Example 2
The equation of motion of beams, plates, and liquid free surface subjected to random excitation can be written as [8] [9] [10] The results obtained from EPC method are compared with those from MCS in Figs. 2(a) to 2(d) . It is observed that the results obtained with EQL differ significantly from the simulation while the results from EPC (n=6) agree well with simulation. It is seen that the PDF of displacement is nonsymmetric and the mean is nonzero. It is also seen that the PDF of displacement inclines to the right-hand side with a negative mean. The PDF of velocity obtained with EPC (n=6) is closer to simulation in comparison with that obtained with EQL. 
Conclusions
The probabilistic solutions of the oscillators with both odd and even nonlinearity in displacement are analyzed with EPC method, EQL method, and MCS. Different nonlinearities are considered in two examples including even nonlinearities in displacement. Numerical results show that the results obtained with the EPC method when the polynomial degree equals 6 agree well with those from MCS in each case, especially in the tail regions of the PDF of displacement while the results from EQL deviate a lot from simulation. The mean of displacement of the oscillators with even nonlinearity in displacement is nonzero, and the PDF distribution of displacement is nonsymmetric about the mean of displacement. However the PDF of velocity is still symmetric about its zero-mean even if there is even nonlinearity in displacement in these oscillators. Based on the above discussion, it is seen that the EPC method is effective for analyzing oscillators with even nonlinearity under the excitation of Poisson white noise.
